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Abstract
The u-plane integrals of topologically twisted N = 2 supersymmetric gauge theo-
ries generally contain contact terms of nonlocal topological observables. This paper
proposes an interpretation of these contact terms from the point of view of inte-
grable hierarchies and their Whitham deformations. This is inspired by Marin˜o and
Moore’s remark that the blowup formula of the u-plane integral contains a piece
that can be interpreted as a single-time tau function of an integrable hierarchy. This
single-time tau function can be extended to a multi-time version without spoiling
the modular invariance of the blowup formula. The multi-time tau function is com-
prised of a Gaussian factor eQ(t1,t2,...) and a theta function. The time variables tn
play the role of physical coupling constants of 2-observables In(B) carried by the
exceptional divisor B. The coefficients qmn of the Gaussian part are identified to be
the contact terms of these 2-observables. This identification is further examined in
the language of Whitham equations. All relevant quantities are written in the form
of derivatives of the prepotential.
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1 Introduction
The “u-plane integral” of Moore and Witten [1] gives an exact answer to the contribution
of the Coulomb branch in correlation functions of topologically twisted four-dimensional
N = 2 supersymmetric gauge theories. Moore and Witten considered the case of SU(2)
and SO(3) only. Marin˜o and Moore [2] extended the u-plain integral to more general,
higher rank gauge groups. Losev et al. studied the u-plane [3] integral from a somewhat
different point of view (“Gromov-Witten paradigm”).
The correlation functions of those topologically twisted N = 2 supersymmetric gauge
theories are the Donaldson-Witten invariants of the four-manifold X [4]. Their generating
function is given by a path integral of the form
ZDW(xS + yP ) =
〈
exp(xI(S) + yO(P ))
〉
(1)
with book-keeping variables x and y coupled to the 2-cycle S ∈ H2(X,Z) and the 0-
cycle O ∈ H0(X,Z). I(S) and O(P ) are associated observables (“2-observable” and
“0-observable”). The Coulomb branch has a nonvanishing contribution only if b+2 ≤ 1,
and this contribution is given by an integral of the following form (“u-plane integral”)
over the Coulomb moduli space:
Zu =
∫
MCoulomb
dada¯A(u)χB(u)σ exp(U + S2T (u))Ψ. (2)
χ and σ are respectively the Euler characteristic and the signature of X ; U is a contribu-
tion of the 0-observable; T is the “ contact term” induced by the 2-observable; Ψ is the
photon partition function, which is a lattice sum of the Siegel-Narain type over the tensor
product of H2(X,Z) and the weight lattice of the gauge group G. Since the geometry of
the Coulomb moduli space is determined by the low energy effective action of Seiberg and
Witten (“Seiberg-Witten solution”) [5], this u-plane integral gives a complete answer to
the physics of the Coulomb branch at least in the topologically twisted theories.
The low energy effective action of the Coulomb branch is generally related to an
integrable Hamiltonian system [6]. Our subsequent consideration is mostly focussed on
the SU(N) theory without matter hypermultiplet (Nf = 0) [7]. In this case, the integrable
Hamiltonian system is the N -periodic Toda chain. Its spectral curve can be written
z2 − Λ−NP (x)z + 1 = 0, (3)
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where P (x) is a polynomial of the form
P (x) = xN −
N∑
j=2
ujx
N−j. (4)
This hyperelliptic curve of genus g = N−1 now plays the role of the Seiberg-Witten elliptic
curves in the SU(2) theories [5]. The coefficients uj, which give a Poisson-commuting set
of Hamiltonians of the Toda chain, are thereby identified with the Coulomb moduli. Λ is
the energy scale of the low energy theory. The low energy effective action is written in
terms of a prepotential F = F(a), a = (a1, · · · , aN−1). This prepotential is determined
(though as an implicit function) by the functional relation
aDj =
∂F
∂aj
(5)
of the period integrals
aj =
∮
αj
dSSW, a
D
j =
∮
βj
dSSW (6)
of the meromorphic differential
dSSW = xd log z (7)
along a symplectic basis αj, βj (j = 1, · · · , N − 1) of cycles on the Riemann surface of the
spectral curve. The differential dSSW obeys the fundamental relation
∂ajdSSW|z=const = dωj. (8)
The left hand side means differentiating dSSW while keeping z constant. dωj (j =
1, · · · , N − 1) are a basis of holomorphic differentials normalized as
∮
αk
dωj = δjk. (9)
This equation connecting dSSW and dωj shows a link with the notion of “Whitham equa-
tions” for adiabatic deformations of algebro-geometric solutions of integrable systems.
It is accordingly natural to expect a similar relation of the u-plane integrals to some
integrable systems and associated Whitham equations. Marin˜o and Moore [2] and Losev
et al. [3], independently, presented several interesting remarks towards that direction.
The purpose of this paper is to examine their remarks in more detail.
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2 Blowup formula and contact terms
One of remarks of Marin˜o and Moore [2] is that the “blowup formula” of the u-plane
integrals contains a factor that can be interpreted as a special tau function of the Toda
chain (or, more precisely, the Toda lattice hierarchy [8]).
The blowup formula is concerned with the blowup X˜ of the four-manifold X at a point
P . Let B denote the homology class of the exceptional divisor (i.e., the inverse image of
the blowup point), and take the homology class S˜ = S + tB with a parameter t on X˜.
Furthermore, let the metric of X˜ be such that the Poincare´ dual of B is anti-self-dual,
i.e., B+ = 0. In the case of G = SU(N) and Nf = 0, the blowup formula shows that the
effect of blowup is just to replace the 0-observable factor eU as
eU → eU
α
β
det
(
∂uk
∂aj
)1/2
∆−1/8e−t
2TΘγ,δ
( 1
2π
tV | T
)
. (10)
Here α and β are some numerical constants, ∆ the discriminant of the above Toda spectral
curve, and the last factor is the ordinary theta function (g = N − 1)
Θγ,δ(w | T ) =
∑
ℓ∈Zg
exp [πi < ℓ+ γ, T (ℓ + γ) > +2πi < ℓ+ γ, w + δ >] (11)
with the half-characteristic (γ, δ) determined by the setup of the u-plane integral. The
period matrix T = (Tjk)j,k=1,···,g is defined by∮
βk
dωj = Tjk. (12)
The vector V = (Vj)j=1,···,g is a gradient vector, with respect to a = (a1, · · · , ag), of a
function P = P(a):
Vj =
∂P
∂aj
. (13)
This function P appears in the definition of the 2-observable I(S) as
I(S) = const.
∫
S
G2P, (14)
where G is an operator that generates a standard solution of the descent equations for
observables [1, 2]. The contact term T also depends on this potential function P, therefore
should be written TP more precisely.
It is the last two factors in (10) that Marin˜o and Moore identified to be a tau function
of the Toda lattice hierarchy. This interpretation is very suggestive in the following sense.
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• The parameter t is interpreted as a time variable in the hierarchy. This is in sharp
contrast with the status of the Toda chain in the aforementioned description of
the Coulomb moduli space. The role of the Toda chain is simply to supply a g-
dimensional family of curves along with a special-geometric structure; the dynamics
of the Toda chain, as an integrable Hamiltonian system, plays no role. In the u-
plane integral, meanwhile, the time variable becomes a physical coupling constant
of the observable I(B).
• The contact term T and the directional vector V are determined by the potential
P. In this sense, P is a Hamiltonian of the Toda lattice hierarchy. In fact, any
polynomial (or holomorphic function) of the Coulomb moduli can be used as P.
One can consider a set of commuting flows with a set of Hamiltonians P1,P2, · · ·
and associated time variables t1, t2, · · ·. These commuting flows generally form a
subhierarchy of the standard full Toda lattice hierarchy with two infinite series of
time variables t±n (n = 1, 2, · · ·) [8].
1 Of course, the notion of tau function is also
meaningful for such a subhierarchy. This strongly suggests that the blowup formula,
too, can be extended in that way.
3 Insertion of more than one 2-observables
Let us specify the implication of the second point above. The potentials P1,P2, · · ·,
determine the 2-observables
In(B) = const.
∫
B
G2Pn. (15)
These 2-observables can be used to deform the correlation functions as
〈
exp
(
I(S) +O(P )
)〉
→
〈
exp
(
I(S) +
∑
n
tnIn(B) +O(P )
)〉
. (16)
(The book-keeping parameters are set to x = y = 1.) This will modify the last two factors
of (10) as
exp(−t2T )Θγ,δ(
1
2π
tV | T )
1Actually, the Toda lattice hierarchy has another variable t0 — the lattice coordinates. In order to
avoid unnecessary complication, we shall not consider it, or just put t0 = 0.
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→ exp
(
−
∑
m,n
C(Pm,Pn)tmtn
)
Θγ,δ(
∑
n
tnVn | T ), (17)
where C(Pm,Pn) are the two-body contact terms induced by the new 2-observables. Note
that since these 2-observables are carried by the same 2-cycle B, higher contact terms
do not appear. The negative sign in front of the contact terms originates in the self-
intersection number B2 = −1 of the exceptional divisor.
Some of these contact terms have been calculated explicitly. The simplest case of
C(u2, u2) for G = SU(2) is due to Moore and Witten [1]; the result is written in terms
of elliptic theta functions and Eisenstein series. This result is generalized to G = SU(N)
by Marin˜o and Moore [2]. Their method is based on the so called RG (renormalization
group) equation [9]
∂F
∂ log Λ
= const. u2 (18)
and the modular transformations
∂2F
(∂ log Λ)2
→
∂2F
(∂ log Λ)2
−
∂2F
∂ log Λ∂aj
[(CT +D)−1C]jk
∂2F
∂ log Λ∂ak
,
∂2F
∂ log Λ∂aj
→ [(CT +D)−1]jk
∂2F
∂ log Λ∂ak
(19)
under the symplectic transformations of cycles
βj → Ajkβk +Bjkαk,
αj → Cjkβk +Djkαk,

 A B
C D

 ∈ Sp(2g,Z). (20)
The second quantity above are the components of the directional vector V :
Vj = const.
∂2F
∂ log Λ∂aj
. (21)
Marin˜o and Moore thus obtained the following formula:
C(u2, u2) = const.
∂2F
(∂ log Λ)2
. (22)
By the results from the RG equation, this formula can be rewritten
C(u2, u2) =
const.
2N −Nf
(
2u2 − aj
∂u2
∂aj
)
. (23)
(Here the result is presented in a generalized form with Nf massless hypermultiplets).
Losev et al. [3] derived a more general result:
C(u2, uk) =
const.
2N −Nf
(
kuk − aj
∂uk
∂aj
)
. (24)
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(We have omitted an explicit form of various constants above, which are irrelevant in our
subsequent analysis.)
4 Multi-time tau function and contact terms
Let us now proceed to our interpretation of the contact terms C(Pm,Pn). As we have
noted above, the product of the last two factor in (10) persists to be a tau function of
the Toda lattice hierarchy for any choice of the potential P of the 2-observable I(B).
Meanwhile, the notion of the tau function can be readily generalized to the multi-time
setting. Therefore, a natural conjecture is that right hand side of (17) will be a multi-time
tau function of the Toda lattice hierarchy:
τγ,δ(t1, t2, · · ·) = exp
(
−
∑
m,n
C(Pm,Pn)tmtn
)
Θγ,δ(
∑
n
tnVn | T ). (25)
More precisely, this tau function should be an algebro-geometric tau function [10]
determined by a suitable set of data (the Krichever data) on the Toda spectral curve (3)
[11]. (We here consider the case of Nf = 0 only. Other cases can be treated in a similar
way.) Such a tau function, just like the algebro-geometric tau functions of other integrable
hierarchies [12], takes the form
τ(t1, t2, · · ·) = e
Q(t1,t2,···)Θ(
∑
n
tnVn + w0 | T ), (26)
where eQ(t1,t2,···) is a Gaussian factor (including a linear part),
Q(t1, t2, · · ·) =
1
2
∑
m,n
qmntmtn +
∑
n
rntn + r0, (27)
Θ(w | T ) is the ordinary theta function without characteristic, and w0 is a constant
vector. As we show later, qmn and Vn are determined by the the algebro-geometric data.
rn, r0 and w0 are arbitrary constants. Our conjectural tau function (25) can be rewritten
into the above form using the relation
Θγ,δ(w | T ) = e
2πi<γ,w+δ>Θ(w + T γ + δ | T ) (28)
between the two theta functions. In particular, the arbitrary constants rn, r0 and w0
are determined by the half-characteristic and the period matrix, and qmn turn out to be
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essentially the contact terms:
C(Pm,Pn) = −
1
2
qmn. (29)
The above conjecture is supported by a modular transformation property of the tau
function τγ,δ(t1, t2, · · ·) under symplectic transformations of cycles (20). Namely, as we
shall show below, the tau function turns out to possess the same t-INDEPENDENT mod-
ular property as the original t-dependent factors in (10); this implies that the corrected
0-observable factor (10) persists to be modular invariant after modifying the last two
factors as in (17). This is strong evidence (though not a proof) of the correctness of the
conjecture.
Let us examine modular transformations of the tau function τγ,δ(t1, t2, · · ·). Fortu-
nately, this kind of problems have been already studied in the context of free fermion
systems on Riemann surfaces [13]. (This also suggests a possible link of four-dimensional
supersymmetric gauge theories with two-dimensional conformal field theories.) Remark-
ably, the modular transformation property of the tau function is quite universal, i.e., does
not depend on the detail of the Riemann surface or the algebro-geometric data (even nor
the integrable system itself!). In the following, therefore, we consider the tau function
τγ,δ(t1, t2, · · ·) for an arbitrary compact Riemann surface Σ of genus g.
The fundamental algebro-geometric data in the case of the Toda lattice hierarchy [10]
are comprised of two marked points P±∞, local complex coordinates z± at each of those
points normalized as z±(P
±
∞) = 0, and the symplectic basis of cycles αj, βj (j = 1, · · · , g).
Furthermore, a set of polynomials f±n (z
−1
± ) (n = 1, 2, · · ·) have to be given in order to
select the “directions” of the tn’s in the total space of the standard time variables t
±
n
(n = 1, 2, · · ·) of the Toda lattice hierarchy [8]. Each pair f+n (z
−1
± ) and f
−
n (z
−1
± ) determines
the direction of the n-th time (or, equivalently, a Hamiltonian Pn in the sense already
mentioned).
Given these data, the following meromorphic differentials dΩn (n = 1, 2, · · ·) are
uniquely determined:
• dΩn is holomorphic everywhere except at P
±
∞. In a neighborhood of P
±
∞, respectively,
dΩn = df
±
n (z
−1
± ) + holomorphic. (30)
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• The α-periods all vanish,
∮
αj
dΩn = 0 (j = 1, · · · , g). (31)
These meromorphic differentials determine qmn and Vn as follows. The components of
the vector Vn are given by
Vjn =
1
2πi
∮
βj
dΩn. (32)
By Riemann’s bilinear relation, this can be rewritten
Vjn = −
1
2πi
∮
P+∞
f+n (z
−1
+ )dωj −
1
2πi
∮
P−∞
f−n (z
−1
− )dωj, (33)
where the integrals on the right hand side are a contour integral turning once around P±n
respectively. qmn is given by replacing dωj by dΩn:
qmn = −
1
2πi
∮
P+∞
f+n (z
−1
+ )dΩm −
1
2πi
∮
P−∞
f−n (z
−1
− )dΩm. (34)
These somewhat complicated expressions are a linear combination of more familiar ex-
pressions of the q’s and V ’s for the standard time variables t±n [10].
The modular transformation properties of these quantities can be derived by straight-
forward calculations. Under the symplectic transformation of cycles (20), the holomorphic
and meromorphic differentials transform as
dωj → [(CT +D)
−1]kjdωk,
dΩn → dΩn − [(CT +D)
−1C]kℓ
(∮
βℓ
dΩn
)
dωk. (35)
Accordingly, Vn and qmn transform as
Vn →
t(CT +D)−1Vn,
qmn → qmn − 2πi
tVm(CT +D)
−1CVn. (36)
The final piece of the ring is the following modular transformation formula of theta
functions [14]:
Θγ,δ
(
t(CT +D)−1w | (AT +B)(CT +D)−1
)
= ǫ det(CT +D)1/2 exp(π < w, t(CT +D)−1w >)Θγ′,δ′(w | T ). (37)
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Here ǫ is an 8th root of unity, ǫ8 = 1, and (γ′, δ′) is a new half-characteristic, both
determined by the symplectic matrix. Combining this formula with the above modular
transformations of qmn and Vn lead to the conclusion that the tau function τγ,δ(t1, t2, · · ·)
has a t-independent modular transformation property:
τγ,δ(t1, t2, · · ·)→ ǫ det(CT +D)
1/2τγ′,δ′(t1, t2, · · ·). (38)
Understanding that the half-characteristic is also transformed because of its physical
origin, one can thus confirm that the tau function in our conjecture possess a desirable
modular transformation property.
5 Perspectives from Whitham equations and prepo-
tential
Let us reconsider the meaning of qmn, Vjn and Pn in the language of Whitham deformations
of the integrable hierarchy. The most suggestive in this respect is the formula (22) of
C(u2, u2) as a second derivative of the prepotential. The relation between RG equations
and Whitham equations [9] tells us that, very roughly speaking, the energy scale Λ can
be identified with the first Whitham time variable T1. In view of this fact, a natural
conjecture is that the contact terms of higher observables can be written
C(Pm,Pn) = const.
∂2F
∂Tm∂Tn
. (39)
This conjecture indeed turns out to fit into the general framework of Whitham equations
proposed in our previous work [10], as we show below.
The Whitham equations in the present situation take the form
∂TndS|z=const. = dΩn, ∂ajdS|z=const. = dωj, (40)
where dS is given by
dS =
∑
n
TndΩn +
N−1∑
j=1
ajdωj, (41)
and “|z=const.”, also here, means differentiating while keeping z constant. These equations
give deformations of the Coulomb moduli uj = uj(a, T ) as the Whitham time variables
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T = (T1, T2, · · ·) vary from a point of departure (e.g., a point T = TSW where dS coincides
with the meromorphic differential dSSW). One can redefine the prepotential F = F(a, T ),
now as a function of a and T , by the equations
∂F
∂Tn
= −
∮
P+∞
f+n (z
−1
+ )dS −
∮
P−∞
f−n (z
−1
− )dS (42)
and
∂F
∂aj
=
∮
βj
dS. (43)
Recall that f±n (z
−1
± ) are the polynomials giving the singular part of dΩn at P
±
∞. The com-
patibility (integrability) of the above equations for F is again a consequence of Riemann’s
bilinear relation.
Now differentiate the right hand side of the defining equation of ∂F/∂Tn against aj
and Tm. By the Whitham equations, the outcome is nothing but the right hand side of
(33) and (34). Thus Vjn and qmn, which are now functions of a and T , can be expressed
as second derivatives of the prepotential:
Vjn =
1
2πi
∂2F
∂aj∂Tn
, qmn =
1
2πi
∂2F
∂Tm∂Tn
. (44)
Similarly, the matrix elements of the period matrix can be written
Tjk =
∂2F
∂aj∂ak
. (45)
Since Vn should be the gradient vector of the potential Pn in the a-space, we conclude
that the potential Pn can be written
Pn =
1
2πi
∂F
∂Tn
. (46)
Thus all relevant quantities turn out to be written as derivatives of the redefined prepoten-
tial. It is remarkable that the last equation resembles the hypothetical Hamilton-Jacobi
equation of Losev et al. [3] In our case, however, Pn is a function of both the Coulomb
moduli AND the Whitham time variables, the latter enter from dS through the integral
formula, and we do not know how to convert it into a function of aj and a
D
j = ∂F/∂aj
like the Hamiltonians of Losev et al.
The redefined prepotential is a purely theoretical backbone, and not very suited for
explicit calculations. Integral formulae, such as (33), (34) and an integral representation
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of Pn derived from (42), are more convenient. These integral formulae remain valid even
if the Whitham time variables are returned to the “departure time” T = TSW where dS
is equal to dSSW; everything can be thereby calculated in terms of the original geometric
data on the spectral curve. Calculations of contact terms are thus eventually reduced to
residue calculus. This is enough for understanding the four-dimensional problem.
Nevertheless, special families of Whitham deformations can possess some significant
implications. Gorsky et al. [15] indeed presented such an example in the case of G =
SU(N) and Nf = 0. As they remarked, their Whitham deformations exhibit a remarkable
similarity with two-dimensional topological Landau-Ginzburg models [16]. The construc-
tion starts from the meromorphic differentials
dΩˆn =
(
P (x)n/N
)
+
d log z, (47)
where (· · ·)+ means the polynomial part of the Laurent expansion of P (x)
n/N at x =∞.
dΩˆ1 is nothing but the differential dSSW. Now introduce a set of time variables T˜n and
consider the differential
dS =
∞∑
n=1
T˜ndΩˆn. (48)
Because of a reason (see below), we have to distinguish between these time variables T˜n
and the previous ones Tn. The period integrals
aj =
∮
αj
dS. (49)
define a function of the Coulomb moduli u = (u2, · · · , uN) and the time variables T˜1, T˜2, · · ·.
One can prove, by a standard method in Seiberg-Witten geometry, that the Jacobian
matrix det(∂aj/∂uk) does not vanish in a neighborhood of, say, the “Seiberg-Witten
point” T˜n = δn,1. Therefore the above relation can be solved for the Coulomb moduli
as uj = uj(a, T˜1, T˜2, · · ·). This gives a deformation family of the spectral curve Σ. Now
modify the meromorphic differential dΩˆn into
dΩ˜n = dΩˆn −
N−1∑
j=1
(∮
αj
dΩˆn
)
dωj, (50)
and write dS in the form
dS =
∞∑
n=1
T˜ndΩˆn +
N−1∑
j=1
ajdωj. (51)
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One can then derive, by the method of Itoyama and Morozov [17], the Whitham equations
∂T˜ndS|z=const. = dΩ˜n, ∂ajdS|z=const. = dωj. (52)
This Whitham deformation family is slightly distinct from those that we have consid-
ered. A natural choice of local coordinates z± at P
±
∞ is the following:
z+ = z
−1/N , z− = z
1/N . (53)
The polynomials f±n (z
−1
± ) giving the singular part of dΩ˜n at P
±
∞ can be written
fn(z
−1
+ ) =
N
n
Λnz−n+ + · · · ,
fn(z
−1
− ) = −
N
n
Λnz−n− + · · · . (54)
The difference lies in the tail part “· · ·”. This part vanishes for n < 2N , but remains for
n ≥ 2N , and the coefficients of this part are NOT a numerical constant but a polynomial
of the moduli uj ’s. This is the reason that we changed the notation of the time variables.
This somewhat strange situation forces us a careful treatment of the prepotential. For
instance, when differentiating contour integrals like those in (42) against Tm and ak, we
use the fact that the part of f±n (z
−1
± ) may be considered constant; this is not permitted
in the above example.
Extending this example to other gauge groups, such as SO(2N), is an interesting
problem. We shall consider this issue elsewhere.
6 Conclusion
Inspired by the work of Marin˜o and Moore [2], we have proposed an extension of the
blowup formula with more than one 2-observables of the form In(B) supported on the
exceptional divisor B. Our strategy is simply to replace the single-time tau function of the
Toda lattice hierarchy (in the sense of Marin˜o and Moore) by a multi-time tau function.
The time variables tn are interpreted as the coupling constants for the insertion of In(B).
The tau function is an algebro-geometric tau function comprised of a Gaussian factor
eQ(t1,t2,...) and a theta function Θγ,δ(
∑
n tnVn | T ). The coefficients of the Gaussian part
are identified to be the contact terms of the 2-observables. We have partly confirmed the
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validity of our proposal by showing that the tau function possesses a desirable modular
transformation property.
This proposal has been further examined in the language of the Whitham equations
that underlie the integrable hierarchy. We have shown that the contact terms, as well as
other relevant quantities, are written in the form of derivatives of the prepotential with
respect to the Whitham time variables Tn. This also clearly explains why the RG equation
takes place in the description of contact terms of the quadratic Casimir u2.
These observations should be further checked in a field-theoretic language. The su-
perfield formalism of Losev et al. [3] will provide a suitable framework for this purpose.
It is remarkable that the integrable hierarchy and the Whitham hierarchy are both
linked with two-dimensional field theories. The integrable hierarchy (the Toda lattice
hierarchy in the case of G = SU(N) and Nf = 0) is related to massless free fermions
on the spectral curve [18]. (This is also an implicit message from the work of Gorsky et
al. [15] They used the Szego¨ kernels, which are correlation functions of free fermions.)
The modular transformation property of the tau function is physically a consequence of
conformal invariance of the two-dimensional massless free fermion theory. Meanwhile,
as recent attempts at an analogue of the WDVV equations [19] suggest, the Whitham
hierarchy are related to two-dimensional topological CFT’s, in particular, topological
Landau-Ginzburg models.
These two-dimensional structures deserve to be studied in more detail. Of particular
interest will be to examine, from our point of view, the mirror-like structure pointed out
by Ito and Yang [19].
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